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ABSTRACT

\

“"Methods for generating three dimensional aircraft trajectories
necessary for quantitatively assessing aircraft tactics are documented
in this report. Elements conventionally used in modeling aircraft
moticn are assembled tov form a model governing aircra®c translation,
fuel use, and attitude. Assumptions on the functional dependence of
the aircraft external forces and specific fuel consumption result in a

system of seven equations and eleven variables governing alrcraft
trajectories.

To provide flexibility in prescribing aircraft trajectories, the
problem of solving the equations is formulated for five separate sets
of known variables. These sets include variables defining alrcraft
controls, velocity attitude, and velocity magnitude. Extensions to
the problem formulations allow flight path normal acceleration to be
prescribed, alsn. A method to prescribe known variables 1s presented
that ensures continuous aircraft acceleration and angular velocity.
Numerical integration, finding roots of equations, and interpolatiov
of function values are required to solve the trajectory generation
problems. Application of selected algorithms for numerical solution
of the equations is discussed”
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I. INTRODUCTION

The mission eff:ctiveness of tactical aircraft can be assessed by
methods ranging from usiug mathematical models of the aircraft and
threat weapon systems to flight testiag tactics in a simulated combat
environment. The former approach is useful for preliminary assessment
of alternative tactics prior to emploving the more costly flight
testing for a more accurate assessment. Elemeuts used to mathemati-
cally model eungagements betwee « an aircraft and a weapon system may
include a model that governs aircraft motion, models of aircraft
subsystems such as weapons or radar, and models of the opposing weapon
systems such as surface-to-air missiles and radars. Each model
reflects the inherent capabilities and limitatlions of each operational
weapons gsystem while the outcome of a particular engagement is an
asgessment of the weapon system's overall performance given the
cactical employmerit of the systems during the engagement.

Aircraft tactics, in particular, vary widely due to the varia-
tions in the trajectory an aircrew can °ly to accomplish a mission 1in
addition to the options available for employing any of the subsystems.
Quantitatively describing a particular aircraft tactic requires the
ability to generate 2 time history of the aircraft trajectory used
during the tactic. The variables describing a trajeztory that are
frequently needed in assessing alrcraft tactics are the ailrcraftc

position, velocity, attitude, and fuel uge. In general, a model for
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generating aircraft trajectories should provide for ailrcraft motion
involving arbitrary three-dimensional maneuvers that can be feasibly
achieved by a particular aircraft during controlled flight.

This report documents a mathematical model and solution methnds
that can be implemented to numerically generate aircraft trajectories
required for assessing the effectiveness of tactics. The model {is
composed of elements of aircraft dynamics conventionally used in
modeling aircraft tvajectories. Specifically, six scalar equations of
motion derived from the vector force equation expressing Newton's
second law and an equation governing aircraft fuel flow comprise the
point-mass model. These seven equations are first order differential
equations governing seven variables defining the aircraft's velocity,
position, and fuel use. Aerodynamic forces, engine thrust and
specific fuel consumption appear in the equations. This information
defines the 1lnherent capabilities and limitations of a particular
aircraft 12 terms of the trajectories it can feasibly achieve. Taking
conventional assumptions for the functional dependence of the forces,
four additional control variables defining the magnitude and orienta-
tion of the forces are needed to complete the set of variables in the
model. The resultliig under-determined system of seven equations and
11 variables can be solved if any four variables are prescribed over
time.

Prescribing four of the variables provides control over the
aircraft motion necessary to generate a particular trajectory. The

choice of the variables that are prescribed also determines the
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procedures required to solve the system of equations. When the four
control variables are prescribed, the aircraft motion is found by
numerically integrating the equations of motion. If selected state
variables are prescribed, unknown control variables must be found as

. roots of appropriate governing equations with the remaining equations
integrated. 1In this report, the solution procedures for five
different sets of prescribed variables are presented. The five sets
include the set of prescribed control variables, two sets used to
prescribe the attitude of an aircraft's velocity vector with selected
controls, and two sets allowing the velocity magnitude and attitude to
be prescribed with a selected control variable. A particular set of
prescribed variables can be selected according to which set allows a
particular porticn of a trajectory to be most convei:lently defined. A
variation of the problem formulations allows the flight path normal

acceleration to be prescribed instead of one of thz angles defining

the veloclity attitude.

: To numerically solve the equations, the variables prescribed as

functions of time can be constructed using arbitrary functions or with

€ -

a procedure presented in this report that evaluates the variables in

R N e 4

terms of a given sequence of second time derivatives. This procedure
ensures that linear continuous aircreft acceleration and angular velo-
city result from the prescribed variabics. Algorithms for integration
and finding roots of equations are required to numerically solve the
aquations of motion. In general, each derivative evaluation during

numerical integration requires finding unknown control variables as
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roots of algebraic equations. Additionally, irterpolation between
discrete function values 1s required to approximate the forces and
specific fuel consumption appearing in the equations.

The aircraft trajectory wmodel presented in this report includes
elements that are useful for investigating other problems in flight
dynamics. Flight path parameter optimization problem formulations
frequently include the equations of motion. For example, a parameter
dependent on flight path variables may be minimized subject to
constraint equations which include the equations of motion. Adding
the moment equations governing the angular motions of the aircraft
provides a model that may be used to iuvestigate aircraft stability
and control problems. In the trajectory model presented here, the
moment equations are neglected and the alrcraft angular motions
implied during a trajectory are assumed to be feasible. The moment
equations can be solved given the angular motions during a particular
trajectory 1f this assumption is questioned.

This report consists of four sections after this introduction.
The next section presents the model governing the aircraft motion.
Included in this section are definitioms of variables in the problem,
development of the scalar equations of motion, and discussion of the
assumptions on the forces aund specific fuel consumption. The third
section presents the individual problems formulated with the different
sets of prescribed variables. The steps required to solve each
problem are identified for both the general problems and the simpler

cases of zero sideslip flight and symmetriec flight in the vertical
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plane., Prescribing the velocity attitude in terms of aircraft
acceleration is considered followed by a discussion of limitations and
extensions of the trajectory model. Numerical methods that will be
used to ilmplement the solution of the equations are presented in the
fourth section. These include a method for prescribing variables and
algorithms chosen for integration, root-finding, and interpolation.
Special counsideration is given to application of the algorithms for
solving the equations in the trajectory model. The last section of
the report briefly summarizes the model and presents conclusions

concerning the application of the methods for generating trajectories.
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ITI. AIRCRAFT MATHEMATICAL MODEL

This section presents a mathematical model governing aircraft
translation and fuel use. Flrst, three reference frames are intro-
duced and the transformations between the reference frame coordinate
axes are presented. These are the inertial, the wind, and the body-
fixed reference frames used for representing the forces acting on the
aircraft and the motion of the aircraft. Equations for calculating
angular velocitles of the moving reference frames are given followed
by equations for calculating the alrceraft attitude. The scalar force
equatiotrs of moticon and a scalar equation governing fuel flow are then
presented. This model, gelected here to govern aircraft translation
and fuel use, is the point-mass model used in trajectory analyses.

The model neglects the equations governing the aircraft's angular
motiong about its center of gravity. This section ends with a
discussion of the trajectory model. Assumptions are taken that define
the dependence of the fcorce and specific fuel consumption functions on
ttate and control variables Iin the model. With these assumptions, tha
trajectory model consists of seven equations and 11 variables.
Defining any four variables as known functions of time determines a
unique trajectory. Flve differentc sets of known variables are con-
sldered this report for prescribing aircraft trajectories. Discussion
of these five sets and the corresponding problem formulations

concludes this section.
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This section includes material rnecessary to present the model
governing aircraft trajectories and serves to document the equations
comprising the model. More detalled development and discussion of the

elements of aircraft dynamics presented here can be found in [1] and

[2].

REFERENCE FRAME3

Three reference frames with right-handed coordinate systems will
be used to represent alrcraft forces and motion. These reference
frames, the inertial frame, the wind frame, and the body fixed frame,
are described below.

Inertial frame, Fy-- Newton's laws govern the motion of a body
with respect to an inertial frame. In this report, the inertial coor-
dinate system, =xyz, 1s assumed fixed on a flat earth. Acceleration
of the aircraft due to flight over the rotating curved earth is
neglected in the flac earth approximation. The increase in the
acceleration with aircraft speed is discussed in [1l] where the flat
earth approximation is considered appropriate for flight at speeds
below about Mach 3. The orientation of coordinate axes 1s such that
z 1s positive in the direction of positive gravity, g, which is
also assumed constant. The diractions of the x aund y axes are
arbitrary.

Wind Frame, F_-- This 1s & moving frame with the origin of the
axes Xy Z. fixed at the aircraft c.g. The Xy, axls 1s defined to

be coincident with the aircraft's velocity, V, with respect to the
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air mass (true airspeed). The z, axis 1s positive in the lower half

of the alrcraft plane of symmetry, downward during level flight.

Body-Fixed Frame, Fb—-This moving frame also has 1its origin at

the aircraft's c.g. and the axes XpYp2y, are fixed with respect to
the aircraft. The axis xy 1s defined to be coincident with the
zero-1lift longitudinal axis of the alrcraft, positive forward. The
axls z, 1s positive 1n the lower half of the aircraft plane of
symmetry.

The position of the aircraft c.g. in the inertial frame will be
noted by the vector iI = [X1, ¥» zI]t. The aircraft's inertial
velocity, the time derivative of XI’ is then ;I = [iI’§I’£I]t'
1f air mass has a velocity G with respect to the inertial frame,

then Vi = V+ W. In the following development, W will be assumed

A
|
E':
5
E I.'
b
i

coustant in time and snace.

TV

IARARES 7~ AR

r

The covordinate axes of the moving reference frames ave displaced
by traislation and rotation from the inertlal axes. Compcnents of the

same vector observed from two parallel coordinate systems are equal,

A T
i K

but angular orientations of the moving coordinate systems need to be
defined to develop matrices for transforiming vectors between rotated

coordinate systems. The orientation of the wind and body-fixed axes

T ey

are shown in Figure 1 where x' y' z' 1is a set of axes parallel t¢

the inertial frame.

TIeTeein

Three Buler angles deslgnate the ovientation of thr wind ¢ _.es

— =

from the inertial axes. Py :t, x* and y' are ratated about the z'

axls to form an Intermediate coordinate system xl,yl,z' where %y
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is coincideat with the projection of ; in the horizontzl plane. The
angle of rotation is the velocity yaw angle, ¢. A rotatinan 6 , the
velocity pitch angle, about y, carries x; to x_, coincident

with G, resulting in a second set of intermediate axes X ¥1r27e
The velocity roll angie, ¢ , is the firal rotation about X, to
carry 2; into the aircraft plane of symmnetry thus forming the wind
axes X Y Z o Each of the Euler rotations is a rotation of two axes
in a plane, so three vector coordinate transformations about a single
axis occur in sequence. Thes: rotations result in a matrix, Ly to
transform a vector XI expressed on the inertial axes to the same

vector 4, = L 7A;r expressed in F_.

%os@cosw cosdsiny -gind
_ |sindsinfcosy sindsinbsiny
Lot = -cospsind +cosdcosy singcosd 1)
cosdsinBcosy cosdpsindsing
+ginge iny -sindcosy cos¢cosi

L is an orthogonal matrix, its inverse is equal to its traunspose.

wl

Thus, the transformation from Ew to F; 1is given by AI = LIwAw’
<1 T

where LIw LoTe

The orientation of the body—-fixed axes with respect to the wind

axes 1s also defined by two Euler angles. A rotation, - , about

z, resulzs in the Xo¥pZy intermediate axes. The quantity B 1is

o
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the sideslip angle and the X,z plane is also :he gircraft plane of
symmetry. Rotating the coordinates in this plane about y, through

the angle of attack a ylelds the aircraft body-fixed axes XpYp2h e
The orthogonal transformation matrix resulting from tuese two

rotations is:

cosacosf ~cosasin? ~sina]
wa - sing cosB 0 2)
sinacosf -sinasing cosa

Expressions for the angular velocities of the moving coordinate
systems are developed next. Of particular interest is the angular
velocity of the axes x,¥127 to be used to express the aircraft
inertial acceleration in this coordinate system. The alrcraft angular
velocity, with components being the aircraft yaw, pitch, and roll
rates, is the angular velocity of xyyyz,. Honitoring the value of
.hese components will be useful, especially during maneuvers involving
rapld changes of aircraft attitude.

The total angular velocity vector of a moving coordinate system
with respect to the inertial frame is the sum of the angular velocity
vectors due to the time rate of change of each of the Euler rotations.

For the axes X,Y121> the angular velocity, w due to the rates

w'?

6 and ¢ 1is

R (3)
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Here, 31 and k' are the unit vectors on the y, and z' axes,
respectively. Observing that k' = -sinBT; + cosdﬁi, where 1,
and El are unit vectors on X, and Y1» glves Gw' expressed on
X, Y121 as

-$sin6

5;, - | 8 (4)
Ycosh
Calculating the angular velocity of the body axes requires adding
che ceomponents due to &, -é, and & to the two components s .umed in

equation 3. Flrst, the angular velocity of the wind axes can

vl
be found with the components expressed in terums of the wind axes
coordinates. Employing the approach used to obtain equation 4, the

resulcing wind axes angular velocity is

¢-Ysind

fcosp + @sin¢coso. (5)

€]
'

-ésimp + lI:coscbcosS

The angular velocity vectors due to -é and a are next
expressed 1n terms of the body-fixed coordinate system. Summing this
vector with 5; transformed to the body-fixed frame gives the

following expression for calculating the aircraft angular velocity.

Py r ésina
Wy =l Q| = a + Lbd”w (6)
Ty .-écosa_
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The components py, Qp» and 1y, are the alrcraft yaw, pitch and roll
rates, respectively.

Knowledge of an aircraft's attitude with respect to the inertial
axes 1s frequently important in assessing a trajectory. An aircrew's
field-of-view, ailrcraft sensor and weapons euwployment eunvelopes, and
the aircraft's aspect as seen by a second observer are examples of
quantities dependent on the aircraft attitude. The orientaticn of the
body-fixed axes from the inertial axes can be defined by three Euler
angles 12% eb, and by which are the aircraft yaw, pitch, and roll
angles. These angles ace analogous to the wind axes Euler angles and,
therefore, a transformation matrix, LbI’ regults identical to
equation 1 except that ¥, 8y, and ¢y replace the corresponding wind
axes Euler angles. To calculate the aircraft attitude, terms of

Ly1

can be equated to terms in the matrix, {9.i } » equal to the product

3
wa.LwI‘ This results in the expressicns below for the body-fixed

Euler angles.

wb - tan-l Ilg (7a)
11
-1
Gb sin 213, -1/2 < 6b< n/2 (7b)
“23
b, = tan | > (Te)
33

Above, the terms of {‘13} are the results of evaluating trigono-

metric functions of a, B, and the wind axes Euler angles. The signs
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of the arguments in the inverse tangent functions above will determine

the appropriate guadrancs of ¥y and ¢y

EQUATIONS OF MOTION

This section presents the scalar equations of motion governing
aircraft i.anslation. ¥rst, three scalar force equations governing
aircraft velocity are formulated on the moving axes, X yzj- The
aircraft position in the inertial frame is governed by three
additional equations. A single equation governing aircraft tuel flow
completes the model.

A derivation of the force equation governing aircraft motion is
preseanted in [2]. The resulting vector equation consistent with the

flat earth approximation is

T+A+mg = ma . (8)
where ; = afrcraft thrust
;G Z = aerodynamic force
b g = oazceleration of gravity
? m = alrcraft mass
;i 51 = {nertial acceleration of the ai.craft mass center.

fhree scalar equations for the time derivatives 6, @, and 6 will
" be found next by expressing the components of the equation 8 on the

moving coordinate system x_yZ;. In doing so, each of three
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derivative terms will appear in only one equation, a convenlent form
for numerical integration. However, the components of E and K
will be summed first on the wind axes.and then transformed to X Y1271
Net thrust, T, Js assumed to act fin the aircraft plane of
symmetxy, Xp%4,, at a fixed angle £ elevated from the aircraft

longitudinal axis, Xy Transforming the thrust v ctor from the body

fixed axes to the wind axes glves

Tcose TcosBcos(ate)
T = wa 0 - ~TsinB cos(ate ) . (9)
-Tsine ~Tsin(a+e)
wne three components of T above will be noted as wa, Ty , and
w

T, « The aerodynamic force vector components are defined in the wind
w

axes as drag, side force and 1lift on the x , and 2z axes,

w? yw w

respectively. All three components are assumed to act in negative

direction of their respective axes giving

(10)

>
]
|
|l & T =

The wind axes are obtained from X,Y12y by a single rotation ¢ about

the x, axis. Then T+A s transformed to x,y;z; by

1 0 o]{r. -»] [r. -0 T
X X
W w
T+A=|0 cos -sing T ~-C| = cosp(T =-C) - sing{(T -L) (an
Y Y Zu
0 sind cos¢J TZW-HJ ‘sin¢(TyW-C) + cos¢(TzV‘ul

pad hemiaa

A

_ RP R
L's “redaming 2.4 A

. -

e

.a

sl .

Al _xmz

¢

¢ -

e e vtncam b A aatat o L

RPN S SRR PAPY

. -
StatXiatl a

¢

a%:

.'e -
A

v .
oo A8 Al oem ot tp.at s o  armtanadatoasenotd ek U oak ox



F'-""'-' STUGTTLT T e Ty

O I I T R R St SEET LR TE SRR S T PR R e Shee T T AR i

16

The alrcraft's welght, mg, has only one non-zero component, expressed

t

on the coordinates x'y'z', equal to mgk'. As in the development of

equation 4, k' can be replaced by —sinei;+coseii . Therefore,

alrcraft's weight expressed on x,y1z1 1s glven by

-s1né
mg = mg 0 . (12)

cos®

Finding the aircraft's inertial acceleration remains to complete
the scalar force equations. Recalling ;I = G + G and that ﬁ is
assumed to be constant, the acceleration is then the time derivative
of G, d;/dt, observed from the inertial frame. However, the
acceleration vector is to be expressed on the moviang frame w11e
In terms of ; and ;w' as observed from x,¥121, the inertial
acceleration expressed on x,y;z; 1is the sum of the derivative of ;
and 5;;7} By definition, V has one component ou Xy 2y, VI .

Using equation 4 defining the compenents of Wyt 8lves the inertial

acceleration vector on X,¥12] as

v ] < otn @ v v
a; =| o + 9 x| o] = |vicosel" (13)
[ G @ cos O 0 -vd

Having developed the components of the vectors in equation 5

expressed on x,¥121» three equivalent scalar equations can be
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written. Solvuing for the derivative terms in the accelevation

componenls gilves

T, rﬁ. e T e,

t
- . '?}
Vv o= % [wa- D] -gsind (l4a) ;-’/
4
E
q b= myeosy lcose(T, - C) = sind(T, - L)] ( 4b)
% w W
2 . 1
E 5o - [simp(Tyw- c) + coa¢(TzW- L)) - £ coss (l4c)
}.
i_.

ST T

These three first order ordinary differential equations govern the

AR TS Ta Pt~ sndh S Ry S S

magnitude and orientation of V at each time instant. The equaticus
governing the aircraft's position in the 1inertial frame,

XI - [xI, y1» zI]t, are obtalned from dXI/dt = VI' In the inertial

coordinate system, VI is the sum of LIwV and the velocity of the

air masg, W = [wx, Wy s wz]t.
X, = Veosfcosy + W (15a)
E }I = VcosBsiny + wy (15b)
E- z; = -Vsind + v (15c)

To relate fuel use to aircraft motion, one additional equation
will complete the model of aircraft .ight expressed by equations léa
/ through 15¢. As fuel is burned to produce thrust, the mass of the

. aircraft decreases. A discussion of turbojet and turbofan engines is
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\

;-

preserted in [2] glving the following general representation for the Fj

mass flow thrust relationship. {

|

m = -cT/g » ) ?;

\16) S

¢ = specific fuel consumption ' ;

‘i

{3

DISCUSSION OF THZ EQUATIONS OF MOTION .-i

Equations l4a through 16 constitute thea model of aircraft motion .{

assumed for the r.nainder of this report. Seven first order ordinary ':

differencial equations goveru the seven state variables (V, ¢, 8, xg, i

YIs Z1» ). The remaining variables iucs’ude the angles (a, B8, ¢), -

the thrust and aerodynamic forces, and the specific fuel consumption. ;i

In the discussion below, assumptions are made about the functions %

f; defining the forces and the specific fuel consumption. These tj
'dl assumptions reduce the number of varlables in the model. Then, five i%
é% alternative problem formulations are presented. The alternatives :}
;E arise from prescribing different sets of known variables over time and g
E‘ solving for the remaining variables. "4
; Aerodynamic forces are usually represented by dimensionless T%
; coefficients obtained by dividing thte forces by the product of dynamic aﬁ
:] pressure and a reference area. The coefficients are functions of ;3
- aircraft attitude, shape, Mach number, and Reynold's number. Varia- -i
{ tions in the forces due to Reynold's number effects usually can be i
:Q neglected, see [l}. Furthermore, the drag and 1ift will be assumed i

.
'
hex o a l mnie o akeca A

independant of the sideslip angle and the side force will be assumed

|
-
-

e ERITS: . R
L Antimia Rhniitnchiothd kil s A TOWVET RU-UPPE S UV S PV VIS V. TR - Y. T P S A YU P U S SN DT SN




;
L
L

S IR T T T T T ST T T

T,

P B

o PSPPSRI SR

O L L IR ST IR AT RN D JEb R P SRSl ol ol LA L G ot St Bt dhadl Bt B Rl S A A T ————— T Y W W Wy

19

independent of the angle of attack. With these assumptions the drag,

side force, and lift coefficient functions are

Golt, @) = 20/ (p7°S) | (17a)

Gty B) = 20/ (pv%s) (17b)

c (M, a) = 2L/ (pv2s) (17¢)
where M = V/a = Mach number

a = gpeed of sound
p = atmospheric density

S8 = refereace area (wing area)

The three force coefficient functions will be nuwerically approximated
by interpolating between values of the functions stored in two dimen-
slonal data sets. This data wlll apply to a given aircraft shape.
Variation in ailrcraft shape, by carrylng external stores or changing
wing sweep angle, may significantly change a force coefficient
function. Either corrections to the function values or increasing the
dimension of the domain of the funcrion are required. Extensions of
the functions can be determined fr. - particular alrcraft and will not
be considered further here.

Thrust and speci’ic fuel consumption of turbo“an and turbojet

engloes can also be represented by dimensionless coefficlents
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presented in [2]. The coefficients are assumed independent of
Reynold's number and the angles a and B. Engine performance is

then defined by the thrust and specific fuel consumption coefficients

below.
KM, n) = —— (18a)
™ "¢ pS
e
2
cay
KC(M, nc) - ;E- (18b)
where p = atmospheric pressure

S, = reference area
a, = speed of sound at the tropopause
n., = corrected engine speed = nay/(any,,)

n = englne rotor rpm

Likc the acrodynamic force coefficients, the above functions can be
approximated by two dimensional data sets for a given aircraft. Also,
the functions can be used in an arbitrary atmosphere since the speed
of sound is proportional to the square root of the temperature of the
air. Howev-r, in [3], a Jiscussion of engine modeling states that
approximating T and ¢ to be strictly proportional to p and a
wili result in errors. These errors result from Reynold's number
effects and deviations from the assumed thermodynamic properties of
the engine airflow. If the desired accuracy requires thegse effects to

be included, then pressure altitude, with a standard day atmosphere
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assumed, can be added to the domain of the functions. If so,
equations 18a and 18b can still be used to approximate engine
purformance in atmospheric conditions deviating from a staundard day at
¢ glven pressure altitude. In this reéort, equatioans 18a and 18b will
be assumed to model aircraft engine thrust and specific fuel
consumption.

The aircraft model defined by equaticns l4a through 16 can now be
interpreted in view of the assumed {unctional depeandence of the forces
and specific fuel consumption. Assuming the properties of the
atmosphere are known functions of altitude, -z, the model consists
of seven equatiouns determined by eleven variables. The variables can
be grouped into the seven state variables governed by the seven
differentlal equations, (V, ¢, 8, X1, ¥1» 21y m), and four control
variables (a, B, ¢, n.). In an aircraft dynamics model including the
moment equation, as in [1], a, B, and ¢ appear as state variables
primarily ~ontroclled by deflections of the elevetor, rudder and
ailerons, rinspectively. The corrected englie speed is controlled by
the throttle position.

With seven equations and eleven variables, the problem of
generating an alrcraft trajectory can be solved numerically by pres-
cribing any four variables as known functions over time and defining
initial conditions for the state variables. Of all the possible
combinations of four known variables, five different combinations will
be considered in this report.

The first set will be defined by

prescribing the four control variables (a, 8, 4, nc). Then the seven
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equations are iantegrate” _o find aircraft velocity, position and fuel
use. Two more combinationg of known variables considered are defined
by prescribing the attitude of the velocity vector, the engine
control, and either ¢ or B. Numerical. solutions given either of
these sets, (¢, 8, ¢, a,) or (¥, 6, B, n,), requires solving equations
14h and léc for the roots (o, BY or <{a, ¢) and Inteyrating the
remaining equations. The last two sets of kaown varlarles are defined
by prescribing the velocity vector and efither ¢ or B, that is

(v, ¥, 9, ¢) or (V, ¥, 6, B). Then the three force equations, 1ida,
14b, and l4c, are solved for the roots (a, B, n,) cr (a, ¢, n ).

Inte- -ating equations 15a through 16 gives aircraft positie: and fuel
use.

In summary, any one of 7 e sets of variables can be prescriber
to formulate the problem ot solvinyg =2quations l4a through 16. -1though
any one set 1s gufficient to solve for any feasible aircraft
trajectory, these alternative problem formulation- allow flexibility
in prescribing aircraft motion. With this approach, the sewver.
equations can be solved for a series of arrcraft maneuver: com,rising
a complete trajectory. Each maneuver can be generated by prescribing
the set of variables uwith which the maneuv:r is most cunvenlently
defioed. Example flight coiditions ea.ily deflned with the different

sets of known variables are given in the next gection.
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IITI. TRAJECTORY GENERATION PROBLEM FORMULATIONS

Euach set of nrescribed variables discussed at the end of the last
section determines a different formulation for the problem of numeri-
cally solving equations 1l4a through 16. The five different problems
are discussed in this section in terms of the procedures necessary to
solve the problems. When state variables are known variables, control
variables must be found in general by solving simultaneous equations.
For zero sideslip flight and symmetric flight in the vertical plane,
particular cases of interest, solving the sets of algebralc equations
simplifies. In addition to discussing the different problem
formulations, examples of specific altcraft maneuvers conveniently
formulated in each case are given. A trajectory can be constructed by
a seguence of maneuvers each prescribed with one set of known
variables. Later in this section, expressions for prescribing
velocity attitude anglus in terms of the acceleration normal to the
fiight path are presented. Final'y, limitations of the aircraft
trajectory model are considered followed by a brief discussion of
alrcraft dynamics problems that may be solved by alternative

formulations or extensions of the model.

PRESCRIBED CONTROLS

In this case, the control variables (a, B8, ¢, n.) are defined

as known functions of time. Given initial values for the state

23
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variahles, equations l4a through 16 are integrated over time giving
alrcraft velccity, position and fuel use. To evaluate the derivatives
of the state variables for numerical integration the variables and
functions appearing in equations lbéa—~c and 16 must be evaluated.

Several specific steps are required prior to calculating the
state variable derivatives at any time, t. First the known
variables, a(t), B(t), ¢(t), and nc(t) have to be evaluated. For
exarple, they may be numerically evaluated from analytic functions
provided for a particular problem or evaluated by interpolation
between aiscrete points. Then the properties of air 4t the current
altitude and the Mach number must be calculated. The aerodynamic
force, thrust, and specific fuel consumption coefficlents are
evaluated by interpolation between stored discrete function values.
These steps wiil be required in all five problem formulations.
Finally, equations l4a through 16 for the state variable derivatives
are evaluated. The nuwerical algorithms to accomplish each step are
presented later in a separate section.

When B =0 the side force is also zero and this condlition
together with sind = 0O results in symmetric flight in the vertical
plane. Equations 14b (and 15b if ¢ = 3, vy = 0) are removed from
the system of eqguations reducing the iutegrition problem. These
assumptions will be conveni~z:t in calculating fuel use over two-
dimensional trajectories with (a, nc) prescribed, for example,
simply as constants. For flight in three dimensions, control

schedules may be formulated, for example, by modifying control
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schedules found from solving the equations with a different set of
known variables. A general extension of the problem formulation would
be to evaluate controls during the integration based on the state of
the aircraft mction. For example, fuel use during constant 1lift
coefficient trajectories can be evaluated by appropriate selection

of a as the integration proceeds.

PRESCRIBED VELOCITY ATTITUDE AND ENGINE CONTROL

Selecting either of the sets (¢, 6, N, B) or (y, 9, n., ¢) as
the known variables will, in general, require solving equations l4b
and lé4c for the unknown controls o and ¢ or B. Initial values of
the remaining variables (V, x1, 21, ¥, m) must also be defined. At
any time t the first step in the solution 1is to evaluate y(t), 0(t),
nc(t}, and B(t) or ¢(t). Values for the derivatives of the known
state variables &(t) and é(t) must also be evaluated. Then, the
unknown controls, (a, ¢) or (a, B) that satisfy equations 14b and
l4c have to be found. The Newton—-Raphson root-finding algorithm
s2lected for this step in the svlution is presented later. In general,
the equations will have to be solved simultaneously, and repeated
evaluations of the forces in the equations are required during the
iterative root-finding algorithm. Once the roots are found, the
derivative of the state variables in equations l4a and 15a through 16
are evaluated for numerical integration.

Two special cases of interest are symmetric flight in the

vertical plane and zero sideslip flight. Symmetric flight in the
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vertical plane results when the set of known variables includes

$ = 0 and sinp = 0 or B = 0. Then, the problem reduces to
finding a as the root of l4c and integrating l4a and 15a through
16. Defining ¢ and wy equal to zero further simplifies the
problem deleting 15b from the integrated equations. Zero sideslip
flight results from defining B = 0 and the solution simplifies as
¢ can be solved independently of a. Solving equation 14b and léc

for ¢ gives
=1.9 . g
¢ = tan [PcosB/(6 + 5 cosf )] (19)

The appropriate quadrant of ¢ 1s determined by the signs of the
numeractor and denominator of the arctangent argument. Equation lé4c is
then solved for the root a and integration of l4a and 15a through 16
proceeds as in the general case.

Selecting either (¢, 9, 0., B or (V, 8, n,, ¢) as known
variables will be useful for finding aircraft velocity, position, and
fuel use during flight easily described by the direction of the air-
craft veloclity vector. Symmetric flight in the vertical plane can be
assumed when generating aircraft maneuvers such as level acceleration,
climbs, and pull-ups from level flight. Zero sideslip flight may be
assumed in modeling turning flight as in level, climbing, or
descending turns. Prescribing non-zero B8 can generate motion such

as turns with sideslip. Prescribing ¢ would be useful, for exawmple,
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when rolling the aivcraft to the inverted attitude prior to the

transition from a climb into a dive.

PRESCRIBED VELOCITY VECTOR

Prescribing the magnitude and direction of the aircraft's
velocity vector over time i1s possible when (V, 8, ¢, B) or (V, 6,
¢, b) are sclected as known variables. Given initial values for the
remaining state variables, the solution requires solving l4a, 14b, and

l4c for the roots a, n,

c and ¢ orB and then integrating equations

15a through 16. The solution steps in this case differ from those of
Lul previous problem formulation in that three simultaneous equations,
instead of two equations, must be solved followed by integration of
15a through 16. The conditions determining symmetric flight in the
vertical plane and zero sideslip flight in the preceding case also
apply in these problem formulations. For both symmetric and zero
sideslip flight, the root-finding problem reduces to solving l4a and
l4c gimultaneously for a and n.. For zero sideslip flight,
equation 19 gives the value of ¢ needed to solve l4a and léc.
Prescribing the velocity vector is particularly useful in solving
for the controls and fuel use assoclated with steady flight conditions
(0 = 0) which are conveniently expressed by (v, 8, y, B) or
(V, 8, ¥, 4). Constant velocity turns, climbs and level flight are
typlcal examples. Specifying the velocity vector also provides a

convenient way to start a trajectory from a steady flight conditicn

prior to generating alrcraft maneuvers.
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The .ive different sets of known variables considered have been
discussed in terms of three general problem formulations. These three
problems are characterized by particular equations that must be solved
for unknown control variables and those to be integrated to find the
state variables. Methods for prescribing the known variables as
functions of time have not been discussed. A method useful for
prescribing any of the known variables is presented in the next
gsection. An extension to the general problem formulations resulting
when 8 and ¢ are prescribed variables will be presctited next that
will allow additional flexibility in prescribing aircraft muneuvers.
The extended formulations allow 6 or ¥ to be replaced by the

flight path normal acceleration in the sets of prescribed variables.

FLIGHT PATH NORMAL 4 CCELERATION

Aircraft motion involving changes in velocity yaw or pitch angles
requires forcea acting on the aircraft often significantly larger than
the forces encountered during steady flight. These forces should not
exceed aircraft structural limits and the resulting acceleration
should not exceed acceleration tolerable by aircrews. The magnitude
of the acceleration aormal to the aircraft flight path (in the Y121
plane) can be found from the acceleration components on yp and

Zl as

a = (82 4+ {2cose?)yl’? (20)
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Prescribing a(t) 1ir place of either ¢(t) or 98(t) 1is a convenient
way to characterize certain maneuvers, especially those to be limited
by acceleration magnitude. Depending on whether 6(t) or ¢(t) 1is
prescribed with a(t) the other can be found from the appropriate

equation below

2

§ = i{ 25-— ®2c0926)1/2 (21)
v

vo= 3 cosb ( ;5.- 5 ) (22)

The appropriate sign for the derivatives é(t) and @(t) must be
prescribed with a(t) since either sign may produce feasible aircraft
wation. The initial value of the state variable to be found must be
defined, then numerical integration of equations 21 or 22 gives Lhe
vniue of the state variable over time. Either Y(t) or 6(t) can be
reilaced by a(t) 1in any of the four known sets of varlables in which
they asppear. Esgsentially, the new variable a(t) is added te the
original 11 variables in the problem and an additional equation,
either 21 or 22, is added to the set of equatiouns to be integrated.

To solve equations 14b and l4c for unknown control variables at any
time, é(t) or @(t) are evaluated with the above equations.
Therefore, the solution steps outlined to solve each of the four

problems with known ¢ and & still apply when a(t) 18 pv=scribed.
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LIMITATIONS OF THE AIRCRAFT MODEL

The model assumed to govern aircraft motion bas inherent
limitations that must be considered in its application. Specifically,
values of the prescribed variables and the resulting aircraft wotion
wust be considered in view of constraints on the aircraft wotion not
implicit in the model The moments an aircraft can physically achieve
at any flight condition are an important set of constraints. Rapid
changes in the aircraft attitude require large moments, so these con-
gtraints may be violated during high angular rate aircraft maneuvers.
Calculating aircraft angular velocity during a trajectory, as given in
aquation 6, allows the angular rates to be wonitored. Alrcraft wmotion

at large angles of attack or sideslip generally cannot be predicted

M S e 8D Ak menmamavan s Mia 4 e oL

with the trajectory model since problems in maintainiag controlled

i

flight can develop in these flight regimes. Additional constraints,

due to structural and engine operating limits can often be represented
by a feasibl: flight envelope constructed as a function of Mach number
and pressure altitude. There are usually found in individual alrcraft

cperations manuals. A more detailed discussion of constraints

Adraa man ol ais am.gdak e

frequently encountered in trajcctory analyses is presented in [2].

The accuracy of calculated fuel use will be dependent on the
accuracy of the force and specific fuel consumption data as well as
the accuracy of the approximations required for numerical solution of
the equations governing flight. Flight test results or fuel flow data

from operations manual provide data to validate the fuel use

PSR AL 3F SRS U SO LI

calculations. In certain applications of this model, for example,
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when comparing the fuel use of different trajectories, the relative
difference in fuel use values 1s of primary importance. If absolute
tuel flow values are to be uged, as in mission planning, they should

be used conservatively.

EXTENSIONS OF THE AIRCRAFT MODEL

Equations l4c through 16 have been formulated to be solved as
five different trajectory generation problems. These equations
provide the basls for solving several other problems of interest in
aircraft dynamics. Flight path parameters or functions defined in
terms of state and control variables cau be optimized using elements
of the model described here. Typical problems include minimizing fuel
flow with respect to time or distance and maximizing climb rate
subject to a set of constraint equations. Tie constraint equations
may be for example, the force equations for symmetric flight in the
vertical plane. A number of optimization problems are formulated in
[2]. Example problems are also formulated in [4] and numerical
methods for solving such problems are presented.

Problems in the area of aircraft stability and control are
formulated in part with the force equations of motion. The moment
equations governing the angular motions of the alrcraft are added to
these equations. Depending on assumptions about the forces and
moments, the force and moment equations may be coupled and require
simultaneous sclution. In the trajectory model presented here, the

equations are assumed independent. The moments acting on the alrcraft

La . & a.a a2 " . " . a_a
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can be evaluated after a trajectory solution when validating the
feasihility of a high rate waneuver is desired. A development of the

moment equations and examples of their application are presented in

(1].
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IV. NUMERICAL METHODS

The numerical algorithms required to solve equations l4a through
16 have been identitied in the previous section. First, prescribed
variables have t2 be avalusted to solve the equatinns. 1In general,
these may be arbitrary functions constructed for a particular problem.
However, one method is presented in this section for simply
prescribing variables as func!ions of time. Algorithms for solving
algebraic equations, integrating differential equations, and interpol-
ation are also needed in the solution. The algorithms selected for
this problem are described with discussion of their application in the
gsolution of equations l4a through 16. Finally, an expression for
approximating derivatives of control variables and the model of the

atmosphere to be used are glven.

PRESCRIBING KNOWN VARIABLES

To solve the equatlions of motion, four variables have to be
defined as functions of time. The variebles that can _e prescribed
include a, B, n., ¢, V, ¥, 6 and a. Not only the values of the
prescribed variables are needed, but the values >f the time
derivatives must be calculated for all the variables except a and

u,. The derivatives V, 8, and & appear 1in the acceleration

components of equations lé4a through lé4c while &, é, and ¢ ar:

needed to calculate aircraft angular velocity using equation 6.
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Fur':hermore, the time derivatives of the prescribed variables should
be continuous functions of time to enrfure that acceleration and
angular velocity of the aircraft are continuous. This requirement
arises from neglecting the alrcraft moment equations governing the
angular motions. Variables with linear continuous first derivatives
can be constructed by defining a sequence of constant second
derivatives over time. Let u(t) denote a variable to be prescribed
with initial values ug; and &0 given at time ty. Assume 31 is a
known sequence of time ordered second derivatives of u(t) at

times tyy 1= 1,2,¢es¢,ns Further assume Ei 18 constant on the
taterval t; ; <t £ t;. Then uy;(t) and Gi(t) on ty g <t <ty

~an be found as

uiAt:2 -
ui(t) - 7— tu 8t +u (23a)
ui(t) - uiAt + 4 (23b)
where At = t - t, 1
i

In applying the above equations, ui(t) and &i(t) will represent the
value of a control or state variable and its first time derivative.

In case of a(t) and nc(t), the first time derivatives need not be
continuous, so they can be more simply prescribed by using equation
23b and equating G(t) to a(t) or n.(t). An example of using the

above method can be 1llustrated by prescribing a constant turn rate,
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4

¥+ Suppose Y and y are bdoth zero at toe Then a constant turn
rate, $ could be achieved by t;, and maintained until ty by

specifying

Since u(t) and G(t) on ty_y <t ﬁ_ti are evaluated
independently of t; in equations 23a and 23b, the point in time
when u(t) switches from Bi to 3i+1 does need to be explicitly
defined with Gi’ It will be useful to allow t; to be optionally
defined as the time when any state variable, control variable, thelr
derivatives, or acceleraticn, say v(t), crosses a threshold value,
¢, during the trajectory. Specifically, u; and &i are evaluated
on the interval t;_; <t S.t13 ty = min(t) such that wv(t) > c
(or wv(t) {c). Thus, instead of a defining ty explicitly, v(t),
¢, and the desired logical operator can be defined. As an example of

using this option, suppose an aircraft, initislily in level flight at

c? and accelerate to

velocity V, is to increase engine speed to n
Vi+ Frst initial conditions are defined for all vaclables except

a and n., which are solved at {3 by selecting the known variables

to be u= (V, ¢, 8, B), The appropriate initial conditions and

second derivatives prescribed for steady flight maintained for one

second will be represeanted by: uy = (V(,0,0,0); GO = Gl- (0,0,0,0);
t, = 1 sec. The values of the controls a and U, unknown prior to

the solution, corresponding to the prescribed steady flight condition
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are found. After switching to the prescribed variable set u = (¢,
8, 0., 8), level acceleration will be accomplished by controlling ng

as follows:

= (0, O, n , 0); t win(t) s.t. nc> né

Y2 c 2

63 = (0, 0, 0, 0); t5 = min(t) s.t. V(t) > Vv,

w, = (0, 0, =, 0); t, = mia(t) s.t. V(t) < O
¢ 'L
4 ug = (0, 0, 0, 0); ts = 5 gec
.
' -

Recalling n, = u(t), up; 1increases the engine speed, n., ata

rate n.. After time t, the engine speed 18 constant at a value

greater than né. At time tq, defined by V(t) > V, the engine

»

speed decreases at a rate -n_, until pouitive acceleration ceases,

T W, m——

At equal to the numerical integration stepsize. Therefore, the exact

c
] .
}" v(t) S_O. Then the aircraft maintains level flight for 5 seconds at a
A
" constant englne speed. The comparison of a variable with the
E threshold value to determine ty will occur at time increuents of
|
!
|

value of a variable at time t; cannot generally be predicted prior

to the trajectory solution.

L RUNGE-KUTTA INTEGRATION

LA

X A fourth order Runge-Kutta algorithm will be used to numerically
&

r integrate the first order differential equations 1l4a through 16.
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Dependent on the problem formulation, as many as seven simultaneous
equations must be iIntegrated. Let ; represent the vector of state
variables to be lntegrated, ; the vector of prescribed state
variables and control variables, and E(;, ;) the vector of ordinary
differential equations in a given proslem. The control variables in
; may include those found as roots of equations lé4a, 14bH, and léc

so x will be, iu general, a function of y as w:ll as time. The

general integration problem can be expressedl as
y = Ex, ¥), yeg) = ¥, (24)

An approximation to ;(t) at discrete points t; = tg + iAt,
i=1,2,...,n, 1is desired where At 1is a constant step size. Let
the approximation to the solution ;(ti) be noted ;i’ The following
fourth order Runge-Kutta algorithm will be used to calculate ;i+1'

- At - — - -—
Yigp = Yy T (ky o+ 2k, + 2kg + Ky) (25)

k) = EHy,, x(e,, y)))

- 1 = - 1 - 1 =
kZ = f(yi + —Z'Atkl, x(ti+ EAt’ Yy + 'Z—Atkl))

== 1 .= = 1 = 1 =
ky = f(yi + 5 Atky, x(t, + AL, y, 4+ —-Atkz))

2

k, = E(y, +atk,, x(ty +At, y, +Atky))
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Runge-Kutta algorithms are developed using Taylor series
expansions of tt~ unknown golution y(t). Neglecting higher order
terms in the expansion results in truncation error. An estimate of

the error, e,, given in [5] for fourth order integration is

¢ T %‘?,‘ 41,2 = Y441,1) (26)
Here, V41,1 is an approximation of the solution y(ti+1) with
truncation error e, regulting from a step size 4t. The term
yi+1,2 is the approximation of y(ti+1) based on two integration
steps of size At/2. Truncation errors can be evaluated at intervals
during integration and compared to a threshold error value for each
gstate variable. TIf the errvor is exceeded, the size of At can be
decreased. The differential equations, E(;, ;), must be evaluated
four times for integration across At. This implies four evaluations
of the forces and specific fuel consumption. Prescribed variables,
only dependent on time, are to be evaluated at ty, t; + At/2, and

tj.1+ The variables in x which are roots of equations must be found

four times.

NEWTON-RAPHSG!! ALGORITHM

The Newton-Raphson algorithm will be used to find the control
variables satisfying the set of equations 1l4b and lé4c, when tl:
velocity vector attitude 1s prescribed, or l4a, 14b, and lé4c when

total velocity vector is prescribed. 1In the first case, the controls
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(B, a) or (¢, a), must be found; 1in the second case, (nc, B, a)

or (un,, ¢, a) are che controls to be found. Let f;, f, and f,

equal equations l4a, 1l4b, and l4c solved for zero and x be a vector
containing the unknown control variables required to satisfy f£(x) =

0. Given an fanitial estimate, xq5, the approximation to the sclution

is iteratively incremented, xy.; = x; +4x; wusing

, -1 -
£11 t12 fq3 £,(xy)
Axg = =y £y 3 £y (xy) 27)
4y f3p  f33)  [f4(xp)
where fjk = the partial derivative of fJ with respect

to control variable Xi o

'Then the velocity attitude is prescribed using (¢, 8, L B) or

(b, 0, n., ¢), the problem reduces to solving two equatioms, 14

and f4, for the appropriate controls. Symmetric flight in the
v;rtical plane and zero sideslip flight also reduvce the number of
equations to be solved. When the velocity vector is prescribed, f,
is deleted from the problem for flight in the vertical plane while for
zero sideslip flight f, 1is solved independently for ¢ wusing
equation 19. Similarly, when velocity attitude is prescribed, <uly

fq and a appear in equation 27 during symmetric flight in the

vertical plane or zero sideslip flight.

Multiple roots may exist for any of the sets of equations to be
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solved. Using different initial estimates, ;0, when starting the
algorithm may provide the values of the multiple roots. Findirg the
multiple roots may be desired when starting the numerical solution at
steady flight conditiuns, for example. The Newton-Raphson algorithm
requires that the inverse of the partial derivative matrix exist.
However, convergence is not guarantced. If problems arise other root
fiading algorithms may be employed. Several alternative approaches
are presented in [6]. The algorithm stops when the absolute value of
elemants in the increment vector, A;i’ are less than the elements in
glven vector ;. Since controls have to be evaluated four times
during integration across A4t, the choice of ; will be important in
determining the time required to integrate the remaining differential
equations.

In the cases where three equations are solved, nine of 12
possible partial derivatives (four possible control variables) appear
in equation 27. The expressions for the partial derivatives are not
presented here, but they include the force coefficient functions and
partial derivarive of these functions. Bith the function values and

partial derivatives have to be evaluated by interpolation at each

iteration. Specificaliy, the partials to be evaluated are CL v Cp
] (o1

g C and K .

€ CB’ Ty
' c

INTERPOLATION METHOD

1 Interpolation between discrete values of the force coefficlent
. and specific fuel consumption functions arise in the solution of
e
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equations l4a through 16. Also, partial derivatives of these
functions with respect to control variables will be required. Natural
cublc spline interpolating functicns will be employed to meet these
requirements. To define these functions, assume n values of a
function on one dimension, f£f(x), are given at the base points LI
i =1,2,.0¢,ns Then n-1 third order cubic polynomials, g4(x), are
found by requiring continuous first and second derivatives on
(x1,%,)+ They are uniquely determined and called natural cubic
splines when the second derivatives g"(x;) and g"(x,) are defined
to be zero. The remaining g{ - g“(xi) are found from the solution
of n-2 1linear equations whose coefficients are determined by the
function values and base points. The resulting coefficlent matrix {is
tri-dlagonal and easily solved by elimination and substitution. The
problem formulation and solution methods are presented in [7].

Once the values for gj are found, then f(x) for Xg$x<Ky 41
is approximated as

: g"(x,) 3 2
£(x) B, (g7 = Bx (x4 =%)]

1 2
+ 6&;:_ [(x—xi) - Axi(x-xi)] (28)
f(xi) f(x1 )
Y K™ Y3 (x=x)
i i

The derivative, f'(x), follows from this equation.
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To apply the cubic spline interp:lation to functions defined on
two dimensions, cubic splines will be calculated along becth
coordinates for every base point. A fuuction £(x),x;) requires two
second partial derivatives, Bzgijlaxﬁ, “ = 1,2, at each base point
(xl,i' xz’j). These need only be calculuted oace and stored with the
original function values for each base¢ p~ine Equation 28 can he used
to approx ‘mate an arbitrary point f(xy, :,;} where (xy, %) 1s in
the rectangle X1 <% 5.*1,j+1« g, 4 S_xz‘f_x2’3+1, if a cubic
gpline parallel to one coordinate, say Xy, 1s defined. First the
two points f(xl, xz’j) and f(ri, x2“1+1) are found with equation
28 applied twice along edges of the rectangle parallel to the Xy
coordinate using the stored function values and partial derivatives
with respect to Xy+ Next, two second partial derivatives in the
Xy direction azg(xl. xz’J)/ax% and ag(xl, xz’j+1)/ax§ are needed.
These will b= approximated by linear interpolation between partial

derivatives in the x, direction known at the corner points of the

rectangles.

2% a231+1 K 28
=2 (5 ¥ ) 0 T (gt oxy ) - 27 Ky T XY g4)
X Ix Ix
2 2 2
(29)
1

. - k b J j+1 .
(k) 441 7 %, '

Once these second derivatives are calculated, then the two function

values and the two derivatives required to evaluate f(xl, xz) using
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equation 28 are known, The partial derivative of f(xl, x2) with
respect to x5 can also be evaluated directly using £'(x) found

from equation 28,

APPROXTMATION OF AIRCRAFT ANGULAR VELOCITY

Calculating the aircraft angular velocity using equation 6

requires the time derivatives of the attitude control variables a, B,

and ¢, When any of thse are prescribed variables using the methods
described earlier, the time derivatives are known, However, when a,
i, and ¢ are found as roots of the force equations, then &. é,

and 5 must be approximated. The time derivatives will be assumed
linear and continuous so0 the angular veloclity is also continuous,

1f x; 1s the value of control variable at time t;, then ii is

found by
2(x, - x )
. i i-1 ’
X, = - - X, _ (30)
1 (ty =t ) i-1

The Initial value of the derivative, ;O' needs to be defined to

calculate the control variable derivatives of any time, tys

ATMOSPHERFE MODEL
The atmospheric pressure, density, and speed of sound are needed
during the solution to evaluate the forces, specific fuel consumption

and Mach number, An arbitrary atmosphere can be constructed assuming

a4 temperature versus altitude relation and a sea level pressure., Then
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pressure and density are found as functions of altitude by solving the
hydrostatic equation and the ideal gas law simultaneously. The speed
of sound, a, can be accurately modeled, see [8], as a function of
absolute temperature, v, using reference values ay and 715 by

/2 (31)

1
a = ao(r/ro)
A standard atmosphere is frequently used in modeling aircraft
flight. The NACA standard atmosphere as presented in [§] will be
approximated by assuming a sea level temperature of 59°F decreasing at

a rate of .56 x 1073°

F/ft to -67.6°F at about 35.3 kft, where the
temperature remains constant to well above conventional jet aircraft
ceilings. At 59°F, the sca level sound velocity is 1,117 ft/sec, and
the assumed pressure is 2116.2 1b/£t2. With this information, the
properties of ailr can be found and tabulated, then linear

interpolation will be used for quickly evaluating the air properties

for any altitude.
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To assess aircraft tactics using quantitative models of weapons

A a8 4t 1 2 _ra

likely to engage an aircraft, a quantitative description of an

PR S

aircraft's trajectory is required. 1Ian this report, a model conven-

tionally used in alrcraft trajectory analyses 1s formulated as a

r
L
i
I.

o .
Ao lai.

system of seven equations and eleven variables. The variables

governed by the equatlions define the aircraft's position, velocity,

fuel use, and attitude. A particular aircraft's capabilities are

represented by the force and specific fuel consumption functions that
appeatr 1n the equations. It is assumed these functioans can be modeled

by dimensionless coefficients defined on two dimensions.

To determine a4 unique trajectory governed by the equations, a set
of variables must be prescribed as functions of time. DNifferent sets

of varlables can be selected to conveniently prescribe different

tnr Sea M 28 bh aialade Ank A e A Xmalm o a"aia a2 T

segments of a trajectory depending upon the aircraft flight condition
or maneuver desired. Either the control variables, tue attitude of

the velocity vector, or the attitude and magnitude of the velocity

' @

S UG S I U |

vector can be prescribed with the latcv-i two sets also (ncluding

selected controls. The derivatives of the velocity attitude angles

detevmine the flight path norwal acceleration, a quantity useful for

prescribing maneuv.rs. One of the velocity attitude angles can be
replaced by normal acceleration in the set of prescribed variables 1if

an additional equation governing the replaced variable is added to the

45
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model. To ensure aircraft acceleration and angular velocity are
continuous, prescribed state and control variables should possess at
least continuous first derivatives. Evaluating prescribed variables
using a sequence of constant second time derivatives 1s one possible
procedure that meets the continuity requirements.

Numerical solution of the equations ianvolves application of
algorithms for integrating first order differential equations, finding
roots of nonlinear equations, and interpolation to approximate
function values. During integration across a time interval, both the
root-finding and interpolation algorithms must be applied at each
derivative evaluation. Integration error can be estimated and the
time interval reduced if desired. Each of the algorithms will be best
implemented independently of the equations to be solved and irn
separate subroutines. The logic required to solve the gsystem of
equations will be reflected in the sequence of subroutine calls and
the parameters that are passed at each call. This approvach will
reduce the effort necessary to solve the equations with different sets
of aeroaynamic force and engine deta. Adding arbitrary functions for
prescribing variables c¢r extending the methods to solve other dynamics
problems 1s simplified if the algorithms and equations of the
trajectory generation model are well defined in the software
implementation.

Alrcraft trajectories found using the model in this report must
be evaluated with respect to external constraints on the feasibility

of the aircraft motion. These include limits on the aircraft
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structure, engine operation, and aircraft control. The operations R
R

manuals for a particular aircraft provide information on the flight 'i
¥

limitations that must be observed. If maintaining aircraft control ®-
during a flight path is questioned, the implied moments can be ;
q

calculated and compared to the maximum control moments available. The 1
alrcraft moment coefficient data and moment of inertia properties ire ® B
q

needed for these calculations. C
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